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Abstract. There is a simple formula for the Ehrhart polynomial of a cyclic 
polytope. The purpose of this paper is to show that the same formula holds for 
a more general class of polytopes, lattice-face polytopes. We develop a way of 
decomposing any d-dimensional simplex in general position into d\ signed sets, 
each of which corresponds to a permutation in the symmetric group (5d, and 
reduce the problem of counting lattice points in a polytope in general position 
to that of counting lattice points in these special signed sets. Applying this 
decomposition to a lattice-face simplex, we obtain signed sets with special 
properties that allow us to count the number of lattice points inside them. We 
are thus able to conclude the desired formula for the Ehrhart polynomials of 
lattice-face polytopes. 


1. Introduction 

A d-dimensional lattice = {x = (xi,..., Xd) \ Vxi S Z} is the collection of all 
points with integer coordinates in Any point in a lattice is called a lattice point. 

A convex polytope is a convex hull of a finite set of points. We often omit convex 
and just say polytope. For any polytope P and some positive integer m G N, we use 
i{m, P) to denote the number of lattice points in mP, where mP = {mx\x G P} is 
the mth dilated polytope of P. 

An integral or lattice polytope is a convex polytope whose vertices are all lattice 
points. Eugene Ehrhart [ 2 ] showed that for any d-dimensional integral polytope, 
i{P, m) is a polynomial in m of degree d. Thus, we call i{P, m) the Ehrhart polyno¬ 
mial of P when P is an integral polytope. Although Ehrhart’s theory was developed 
in the 1960’s, we still do not know much about the coefficients of Ehrhart polyno¬ 
mials for general polytopes except that the leading, second and last coefficients of 
i{P,m) are the normalized volume of P, one half of the normalized volume of the 
boundary of P and 1, respectively. 

In the author showed that for any d-dimensional cyclic polytope P, we have 
that 

d 

(1.1) i{P, to) = VoI(toP) -I- f(7r(P), to) = ^ Volfc(7r^‘^“^^ (P))to^, 

fe =0 

where ^ is the map which ignores the last k coordinates of a point, 

and asked whether there are other integral polytopes that have the the same form 
of Ehrhart polynomials. 

In this paper, we define a new family of integral polytopes, lattice-face polytopes, 
and show iTheorem IT511 that their Ehrhart polynomials are in the form of 
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The main method of ^ is a decomposition of an arbitrary d-dimensional simplex 
cyclic polytope into d! signed sets, each of which corresponds to a permutation in 
the symmetric group &d and has the same sign as the corresponding permutation. 
However, for general polytopes, such a decomposition does not work. 

In this paper, we develop a way of decomposing any d-dimensional simplex in 
general position into d! signed sets, where the sign of each set is not necessarily 
the same as the corresponding permutation. Applying the new decomposition to a 
lattice-face simplex, we are able to show iTheorem III, till that the number of lattice 
points is given by in terms of a formula (EH) involving Bernoulli polynomials, 
signs of permutations, and determinants, and then to analyze this formula further 
to derive the theorem. Theorem together with some simple observations in 
section 2 and 3, implies Theorem EH 

2. Preliminaries 

We first give some definitions and notation, most of which follows 

All polytopes we will consider are full-dimensional, so for any convex polytope P, 
we use d to denote both the dimension of the ambient space and the dimension 
of P. We call a d-dimensional polytope a d-polytope. Also, We use dP and I{P) to 
denote the boundary and the interior of P, respectively. 

For any set S', we use conv(S) to denote the convex hull of all of points in S. 

Recall that the projection tt : R*^ —> R^^"^ is the map that forgets the last 
coordinate. For any set S C R'^ and any point y S R^“^, let p{y, S) = 7r“^(?/) n S 
be the intersection of S with the inverse image of y under tt. Let p{y, S) and n{y^ S) 
be the point in p{y, S) with the largest and smallest last coordinate, respectively. If 
p{y, S) is the empty set, i.e., y ^ 7r(S), then let p(?/, S) and n(y, S) be empty sets as 
well. Clearly, if S is a d-polytope, p{y, S) and n{y, S) are on the boundary of S. Also, 
we let p+(i/, S) = p{y, S)\n{y,S), and for any T C R'^“^ p+(T, S) = Uy^TP~''{y, S). 

Definition 2.1. Define PB{P) = UyG 7 i-(P) fo be the positive boundary 

of P] NB{P) = \Jy^Tr{p)'n'{y, P) to be the negative boundary of P and D(P) = 
P\NBiP)=p+i7TiP),P) = Uyg 7 r(p)P^(y, P) to be the nonnegative part of P. 

Definition 2.2. For any facet F of P, if F has an interior point in the positive 
boundary of P, then we call P a positive facet of P and define the sign of P as 
-1-1 : sign(P) = -|-1. Similarly, we can dehne the negative facets of P with associated 
sign —1. For the facets that are neither positive nor negative, we call them neutral 
facets and define the sign as 0. 

It’s easy to see that P C PB{P) if P is a positive facet and P C NB{P) if P is 
a negative facet. 

We write P = Uti if C* = UiLi Pi for any i ^ j, Pi n Pj is contained in 
their boundaries. If Pi, P 2 ,..., P^ are all the positive facets of P and P^+i, ■. ■, Pfc 
are all the negative facets of P, then 

f k 

7r(P) = □ 7r(P,) = □ 7t{F,). 

i=l i=e+l 

Because the usual set union and set minus operation do not count the number 
of occurrences of an element, which is important in our paper, from now on we will 
consider any polytopes or sets as multisets which allow negative multiplicities. In 
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other words, we consider any element of a multiset as a pair (x, m), where m is the 
multiplicity of element x. Then for any multisets Mi, M 2 and any integers m, n and 
i, we define the following operators: 

a) Scalar product: iMi = i ■ Mi = {{x,im) \ (x, m) £ Mi}. 

b) Addition: Mi © M 2 = {(x, to + n) | (x, to) G Mi, (x, n) G M 2 }. 

c) Subtraction: Mi 0 M 2 = Mi ©((—!)■ M 2 ). 

It’s clear that the following holds: 

Lemma 2.3. For any polytope P C Vi?i, ..., Rk C Vii,..., ife G Z : 

( k \ 

P =0*^.p+(p,., P). 

j=i J 3=1 

Definition 2.4. We say a set S has weight w, if each of its elements has multiplicity 
either 0 or w. And S' is a signed set if it has weight 1 or —1. 

Let P be a convex polytope. For any y an interior point of 7r(P), since tt is 
a continuous open map, the inverse image of y contains an interior point of P. 
Thus 'K~^{y) intersects the boundary of P exactly twice. For any y a boundary 
point of 7r(P), again because tt is an open map, we have that p{y,P) C dP, so 
p{y, P) = TT~^{y) n dP is either one point or a line segment. We will only consider 
polytopes P where p{y, P) always has only one point for a boundary point y. 

Lemma 2.5. If a polytope P satisfies: 

(2.1) |p(y,P)| = l,VyG57r(P), 

then P has the following properties: 

(i) For any y G /(7r(P)), 7r-^{y) ndP = {p(y, P), n(y, P)}. 

(ii) For any y G S7r(P), 7r-i(y) n dP = p{y,P) = p{y,P) = n{y,P), so 
= 0 - 

(hi) Let R be a region containing I{tt{P)). Then 

F!(P)=P+(P,P) = 0P+(2/,P). 

yeR 

(iv) If P = lJ?=i Po where the Pi’s all satisfy h2.1\) . then Ll{P) = 0JLi fl(Pi). 

(v) The set of facets of P are partitioned into the set of positive facets and the 
set of negative facets, i.e., there is no neutral facets. 

(vi) TT gives a bijection between PB{P) r\NB{P) and dir^P). 

The proof of this lemma is straightforward, so we won’t include it here. 

The main purpose of this paper is to discuss the number of lattice points in a 
polytope. Therefore, for simplicity, for any set S G R'^, we denote by L(S') = STlZ'^ 
the set of lattice points in S. It’s not hard to see that L commutes with some of 
the operations we defined earlier, e.g. p,p'^,Ll. 

3. Lattice-FACE polytopes 

A d-simplex is a polytope given as the convex hull of d + 1 affinely independent 
points in R'^. 
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Definition 3.1. We define lattice-face polytopes recursively. We call a one dimen¬ 
sional polytope a lattice-face polytope if it is integral. 

For d > 2, we call a d-dimensional polytope P with vertex set V a lattice-face 
polytope if for any d-subset U CV, 

a) 7r(conv(C/)) is a lattice-face polytope, and 

b) 7r(L(id[/)) = where Hjj is the affine space spanned by U. In other 

words, after dropping the last coordinate of the lattice of idc/, we get the 
(d — l)-dimensional lattice. 

To understand the definition, let’s look at examples of 2-polytopes. 

Example 3.2. Let Pi be the polytope with vertices vi = (0,0), t ;2 = (2,0) and 
V 3 = (2,1). Clearly, for any 2-subset U, condition a) is always satisfied. When U = 
{vi,V 2 }, Hu is {(a:, 0) | a: £ M}. So 7 r(L(idf/)) = Z, i.e., h) holds. When U = jiii, wa}, 
Hu is {(a;,?/) | x = 2y}. Then L{Hu) = {(2y, y) | y £ Z} ^ 7 r(L(id; 7 )) = 2Z 7 ^ Z. 
When U = {v 2 ,V 3 }, Hu is {(2, y) |y £ M }. Then 7 r(L(id[/)) = {2} 7 ^ Z. Therefore, 
Pi is not a lattice-face polytope. 

Let P 2 be the polytope with vertices (0, 0), (1,1) and (2, 0). One can check that 
P 2 is a lattice-face polytope. 

The following lemma gives some properties of a lattice-face polytope. 

Lemma 3.3. Let P be a lattice-face d-polytope with vertex set V, then we have: 

(i) 7r(P) is a lattice-face (d — l)-polytope. 

(ii) mP is a lattice-face d-polytope, for any positive integer m. 

(iii) TT induces a bijection between L{NB{P)) (or L{PB{P))) and L{tt{P)). 

(iv) 7r(£(P)) = L{tt{P)). 

(v) Any d-subset U ofV forms a [d—l)-simplex. Thus Tr{conv(U)) is a (d—1)- 
simplex. 

(vi) Let H be the affine space spanned by some d-subset of V. Then for any 

lattice point y £ , we have that p{y, H) is a lattice point. 

(vii) P is an integral polytope. 

Proof, (i), (ii), (v) and (vi) can be checked directly from the conditions a) and b) of 
the definition, (iii) and (iv) both follow from (vi). We prove (vii) by induction on 

d. 

Any 1-dimensional lattice-face polytope is integral by definition. 

For d > 2, suppose any (d—l) dimensional lattice-face polytope is an integral 
polytope. Let P be a d dimensional lattice-face polytope with vertex set V. For any 
vertex vo £ V, let [/ be a subset of V that contains vq. Let f/ = {iio, vi,..., Vd-ij. 
We know that P' = 7r(conv(17)) is a lattice-face (d — l)-simplex with vertices 
{7r(r;o),..., 7r(r!c;_i)}. Thus, by the induction hypothesis, P' is an integral poly¬ 
tope. In particular, 7r(?;o) is a lattice point. Therefore, vg = p(7r(vo), Hu) is a 
lattice point. □ 

Remark 3.4. One sees that condition b) in the definition of lattice-face polytopes 
is equivalent to (vi). 

The main theorem of this paper is to describe all of the coefficients of the Ehrhart 
polynomial of a lattice-face polytope. 
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Theorem 3.5. Let P be a lattice-face d-polytope, then 

d 

(3.1) i{P,m) = Vol(mP) + i(7r(P), m) = ^ (P))m^. 

k=0 

However, by Lemma |^31^(ii),(iii), we have that 

i{P, m) = |L(H(mP))| + i{7r{P),m). 

Therefore, by Lemma roi/tiL to prove Theorem 13.51 it is sufficient to prove the 
following theorem: 

Theorem 3.6. For any P a lattice-face polytope, 

\L{n{P))\ = Vol(P). 

Remark 3.7. We have an alternative definition of lattice-face polytopes, which is 
equivalent to Definition 13.II Indeed, a d-polytope on a vertex set H is a lattice-face 
polytope if and only if for all k with 0 < fc < d — 1, 

(3.2) for any (k -\- l)-subset U CV, 'k‘^~’^(L{P[u)) = 

where Hu is the affine space spanned by U. In other words, after dropping the last 
d — k coordinates of the lattice of Hu, we get the fc-dimensional lattice. 

4. A SIGNED DECOMPOSITION OF THE NONNEGATIVE PART OF A SIMPLEX IN 

GENERAL POSITION 

The volume of a polytope is not very hard to characterize. So our main problem 
is to find a way to describe the number of lattice points in the nonnegative part of 
a lattice-face polytope. We are going to do this via a signed decomposition. 

4.1. Polytopes in general position. For the decomposition, we will work with a 
more general type of polytope (which contains the family of lattice-face polytopes). 

Definition 4.1. We say that a d-polytope P with vertex set V is in general position 
if for any fc:0<fc<d — 1, and any (fc -|- l)-subset U C V, 7r'^“^(conv([/)) is a 
fc-simplex, where conv([/) is the convex hull of all of points in U. 

By the alternative definition of lattice polytopes in Remark 13.71 it’s easy to 
see that a lattice-face polytope is a polytope in general position. Therefore, the 
following discussion can be applied to lattice-face polytopes. 

The following lemma states some properties of a polytope in general position. 
The proof is omitted. 

Lemma 4.2. Given a d-polytope P in general position with vertex set V, then 

(i) P satisfies O- 

(ii) 7r(P) is a {d — l)-polytope in general position. 

(hi) For any nonempty subset U of V, let Q = conv([/). If U is has dimension 
fc(0 < k < d), then is a k-polytope in general position. In partic¬ 

ular, for any facet F of P, tt{F) is a {d — l)-polytope in general position. 

(iv) For any triangulation of P = Pi without introducing new vertices, 

^(P) = ©ti ^(P^)- Thus, £(D(P)) = ©ti LiniP,)). 

(v) If Fi, F 2 ,..., Fi are all the positive facets of P and F^^i,..., Fk are all the 

negative facets of P, then r2(7r(P)) = It{Tr{Fi)) = D(7r(Pi)). 
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(vi) For any hyperplane F[ determined by one facet of P and any y G 
p{y,FI) is one point. 

(vii) For any k: Q<k<d — any (fc + l)-suhset U of V, any yi,..., G K, 

there exists a unique point w G such that the first k coordinates of w 
are yi,..., and w is affinely dependent with the points in U. 

Remark 4.3. By (iv), the problem of counting number of lattice points in a poly¬ 
tope in general position is reduced to that of counting lattice points in a sim¬ 
plex in general position. In particular, together with the fact that Vol(lJ^,^j^ Pf) = 
Vol(Pi), to prove Theorem I3.fil it is sufficient to prove the case when P is a 
lattice-face simplex. 


Therefore, we will only construct our decomposition in the case of simplices in 
general position. However, before the construction, we need one more proposition 
about the nonnegative part of a polytope in general position. 


Proposition 4.4. Let P be a d-polytope in general position with facets Fi, F 2 ... Fk- 
Let F[ be the hyperplane determined by F^. Fori : 1 < * < fc, let F^ = 7r“^(7r(Pi))ni? 
and Qi = conv(Fi U F/). 

Then 

k-l 

(4.1) n{P) = -sign(Ffe)0sign(Fi)p+(H(7r(Fi)),(5i). 

i=l 


Proof. We are going to just prove the case when Fk is a negative facet; for the 
other case we can prove it analogously. Suppose Fi, F 2 ,..., Fg are positive facets 
and Ff+i ,... ,Fk are negative facets. 

A special case of Lemma [2.51 /11111 is when R = H(7r(P)), so we have 

H(P)=p+(H(^(P)),P)= 0 p+(y,P). 

yen(7r(P)) 

Now for any points a and 6, we use (a, b] to denote the half-open line seg¬ 
ment between a and b. Then, p^{y,P) = {n{y, P),p{y, P)] = {p{y, H),p{y, P)] © 
{p{y,H),n{y,P)]. Therefore, 

^iP)= 0 {ip{y,H),p{y,P)]e{p{y,H),n{y,P)]) 

= ( 0 ) 0 [ 0 ■ {p{y,H):n{y,P)]\ . 

\vGn{7viP)) ) \y&n{7v{p)) ) 

By Lemma lOV lvl. we have H(7r(P)) = 0^=1 fl(7i(Fi))- Therefore, 


0 

y6n(7r(P)) 


t 

0 0 {p{y,H),p{y,P)] 

i=i yen(77(Pi)) 
i 

0 0 {p{y,P^),p{y,F^)] 

yen(7r(Pi)) 

e 

0p+(L!(7r(P,)),Q,)- 


{p{y,H),p{y,P)] 
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Similarly, we will have 

k 

0 (-1) • {piV: H),n{y, P)] = 0 {-l)p+{n{n{F,)), Q,). 

y^Q(7r(P)) 2—^+1 

Note that p+(n(7r(Pfc)), Ql-) is the empty set. Thus, putting everything together, 
we get (EU. 

□ 

Now, we can use this proposition to inductively construct a decomposition of the 
nonnegative part of a d-simplex P in general position into d\ signed sets. 

Decomposition of 0(P): 

• If d = 1, we do nothing: n(P) = fI(P). 

• If d > 2, then by applying Proposition ^31 to P and letting fc = d + 1, we 
have 

d 

(4.2) Vt{P) = -sign(Pd+i)0sign(Pi)p+(fI(7r(Fj)),Qj). 

i=l 

However, by Lemma ^21^ (hi), each 7r(Fi) is a (d — l)-simplex in general 
position. By the induction hypothesis, 0(7r(Pi)) = ■S'ij-, where 

5'ij ’s are signed sets. 

(d-l)! (d-l)! 

p+(L!(7r(P)),Q0 = P+( 0 0 p+(5,,„g,)- 

7=1 7=1 

Since each p^{Sij,Qi) is a signed set, we have decomposed H(P) into d! 
signed sets. 

Now we know that we can decompose H(P) into d! signed sets. But we still need 
to figure out what these sets are and which signs they have. In the next subsection, 
we are going to discuss the sign of a facet of a d-simplex, which is going to help us 
determine the signs in our decomposition. 

4.2. The sign of a facet of a d-simplex. From now on, we will always use the 
following setup for a d-simplex unless otherwise stated: 

Suppose P is a d-simplex in general position with vertex set V = {iii ,V 2 , ■ ■ ■, "Cd-i-i}, 
where the coordinates of Vi are = (a;^^, , a^i,d)- 

For any i, we denote by Fi the facet determined by vertices in H \ { 1 ;^} and Hi 
the hyperplane determined by Fi. 

For any cr £ 6^ and k : 1 < k < d, we define matrices Xviu, k) and Yv{(J, k) to 
be the matrices 


Xv{(7,k) 


/1 

^( 7 ( 1 ),1 

^fT(l) ,2 

1 

^tT(2),l 

^(t(2),2 

1 


^(t(/c),2 

V 1 


^rf+1,2 


^a{2),k 

‘^a{k),k 
Xd+l,k j 
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( 1 

,1 

^o'(l),2 

^cr(l),fc —1 

Yv{a,k) = 

1 

^(t(2) ,1 

^ct(2),2 

^(7{2),k-l 


1 1 

^cr(fc),l 

^(7{k),2 

^a{k),k—l 


We also define z{a, k) to be 

zv{<7, k) = det(Xy(cr, k))/ det(Yv"(CT, fc)), 

where det(M) is the determinant of a matrix M. 

We often omit the subscript V for Xy(cr, k), lV(cr, k) and zyicr, k) if there is no 
confusion. 

Now we can determine the sign of a facet Fi of P by looking at the determinants 
of these matrices, denoting by sign(a;) the usual definition of sign of a real number 

X. 


Lemma 4.5. We have 

(i) \/i : 1 < i < d and Vct G &d with a(d) = i, 

(4.3) sign(Fi) = sign(det(X(cr, d))/det(X(cr, d — 1))). 

(ii) When i = d + 1 and for Vtr G &d, 


(4.4) sign(Fd+i) = - sign(det(X(cr, d))/det(r(cr, d))) = - sign(z(cr, d)). 


Proof. For any i : 1 < i < d + 1, let u' = p{'!r(vi), Hi), i.e. u' is the unique point 
of the hyperplane spanned by Fi which has the same coordinates as Vi except for 
the last one. Suppose the coordinates of u' are {xip ,..., Xi^d-i^x^ ^). Then Fi is a 
positive facet if and only if Xi^d < x'i d- Therefore, 


sign(Fj) = - sign(a;i,d - a;'_^). 


Vi : 1 < i < d and Vct G &d with a{d) = i, because u' is in the hyperplane 
determined by Fi, we have that 


det 


1 


^(T{l),d—1 

,d 

1 

H 

1 

^(T{d—l),d—l 

^(7{d—l),d 

1 


^(7{d),d—l 

^a{d),d 

1 


^d-\-l,d—l 



= 0 . 


Therefore, 


det(X(CT,d)) = {-l)^‘^+^{xi^d - Xid)det{X{cr,d- 1)). 


Thus, 


sign(det(X(CT,d))/det(X(CT, d - 1))) = - sign(xj,d - x'i d) = sign(ifi). 


We can similarly prove the formula for i = d + 1. 


□ 
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4.3. Decomposition formulas. The following theorem describes the signed sets 
in our decomposition. 

Theorem 4.6. Let P be a d-simplex in general position with vertex set V = 
{vi,V 2 , ■ ■ ■ ,Vd+i\-i where the coordinates of Vi are = {xip,Xi^ 2 , ■ ■ ■ ,Xi^d)- For 
any a £ &d, and k : Q < k < d — 1, let be the point with first k coordi¬ 
nates the same as Vd+i and affinely dependent with r’cr(i), Pcr( 2 )! • ■ ■,i■ 
(By Lemma \4-.S[ /{vii), we know that there exists one and only one such point.) We 
also let Va,d = Vd+i- Then 


(4.5) 

where 

(4.6) 
and 


n{p) = 0 sign((T, P)Sa, 


o-G©d 


sign(cr,P) = sign(det(X(cr,d)))sign ]^z(cr,i) , 




(4.7) S'a = {s G I TT^ ''(s) £ '‘(conv({Po.,o, ■ • •, '!^cr.fc})))Vl < k < d} 

is a set of weight 1, i.e. a regular set. 

Hence, 

L{niP))= 0 sign(a,P)£(5,). 
o-eSd 

Proof. We prove it by induction on d. 

When d = 1, the only permutation cr £ ©i is the identity permutation 1. One 
can check that sign(l,P) = 1 and Si = n(conv(ui,U 2 )). Thus H4.5II holds. 

Assuming (j4.5|l holds for d = do > 1, we consider for d = do + 1- For any 
i ■ 1 < i < d, 7r(Pi) is a {d — l)-simplex in general position with vertex set 

' 7r(uj), 


W = {wi,..., Wd}, where Wj = 
hypothesis, 

(4.8) 


Therefore, by the induction 

7r(Pi-Li), j > i- 


fl(7r(Fi)) = 0 sign(<^,7r(Fj))5'(, 

^e6d-i 


where 


sign(<j,7r(Fi)) = sign(det(Xiv(<;, d - 1))) sign( 2 ;iv(<r, i)), 

2 = 1 

S'( = {s £ I 7r‘^“^“^(s) £ f2(7r'^“^“^(conv({r(;c^_Oj ■ ■ •, 'f^<;,fc})))Vl < fc < d — 1}. 

f b j = d, 

For any £ &d-i, if we let a G 6d with a{j) = < g{j), g{j) < i, then this 

U(j) + 1, ^(j)>b 

gives a bijection between g £ &d-i and a £ &d with a{d) = i. In particular, for 
any j : 1 < j < d - 1, = 7r(z;^(j)). Hence, 

d-l 

sign(<j, 7r(P*)) = sign(det(X(cr,d- 1))) sign(z(CT, i)). 
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Note that Wc;,d-i =Wd = ■n{vd+i) = ■n{va4-i), so 

5' = {s e I 7r‘^“^“^(s) G r2(7r‘^“^(coiiv({i;cr,o, • • ■, '*^o-,fe})))Vl <k<d-l}. 

One can check that F/ = TT~'^{'K{Fi)f\Hd+i = conv({i;i ,... ,Vi-i,Vi+i,... ,Vd, Va,d-i}) 
and Qi = conv(Fi U F') = conv(F U {wcr.d-i} \ Hence, 

^+(5', Qi) = {s G I 7r‘^“'"'(s) e H(7r‘'“''(conv({vo.,o, • ■ ■, 'Co-.fc})))Vl <k<d}. 

By letting Sa = /0+(5'', Qi) and sign(cr, P) = - sign(Fd+i) sign(Fi) sign(^, 7r(Fi)) 
and using Lemma ESI we get 

-sign(Fd+i)sign(Fi)p+(7r(Fj),Qj) = 0 sign(cr, 

crG©d,cr(d)=2 

Thus, together with (113, summing over alH : 1 < i < d gives (I4.5II . 

□ 


Corollary 4.7. If P is a d-simplex in general position, then 

(4.9) |i(H(P))| = ^ sign(a,P)|L(F.)|. 

creed 

Therefore, if we can calculate the number of lattice points in S'o-’s, then we 
can calculate the number of lattice points in the nonnegative part of a d-simplex 
in general position. Although it’s not so easy to find |L(S'cr)|’s for an arbitrary 
polytope, we can do it for any lattice-face d-polytope. 


5. Lattice enumeration in and Bernoulli polynomials 

In this section, we will count the number of lattice points in when P is a 
lattice-face d-simplex. This calculation involves Bernoulli polynomials. 


5.1. Counting lattice points in S^- We say a map from is lattice 

preserving if it is invertible and it maps lattice points to lattice points. Clearly, 
given a lattice preserving map /, for any set F G R'^ we have that |L(5') | = IL)/)^)) |. 

Let P be a lattice face d-simplex with vertex set V = {wi,..., iid+i}, where we 
use the same setup as before for d-simplices. 

Given any a G &d, recall that S^j is defined as in (lOl . To count the number 
of lattice points in S„, we want to find a lattice preserving affine transformation 
which simplifies the form of S^. 

Before trying to find such a transformation, we will define more notation. 

For any a G ©d, k : 1 < k < d and x = {xi,X 2 ,. ■ ■, Xd) G R"’*, we define matrix 
X(a, fc; x) as 


X{a, k] x) 


^ 1 ^cr(l),l ^cr(l),2 

1 ^(y(2),l ^cr{2),2 


1 

V 1 


,2 

X2 


^a{2),k 

^(T{k),k 

/ (fc-l-l)x(fe-l-l) 


^cr(k),l 

Xi 




EHRHART POLYNOMIALS OF LATTICE-FACE POLYTOPES 


11 


and for j '■ 0 < j < k, let ni(tT, k]j) be the minor of the matrix X{a, fc; x) obtained 
by omitting the last row and the (j + l)th column. Then 

(5.1) det(X((T,fc;x)) = (-1)'' ^m((7, fc; 0) + ^(-l)-^tn(cr, fc; . 

Note that m((T, fc; k) = det(F(cr, k)). Therefore, 


det(X(cr,fc;x)) ^ y, m(g,fc;0) ^ m(cr,fc;j) 

^ ’ det{Y{a,k)) ^ (rr hY ^ ’ AptiVlrr h' 


det(y(cr, k)) 


i=i 


det(Y{a,k))‘ 


Xk- 


We will construct our transformation based on 15.211 . Before that, we give the 
following lemma which discusses the coefficients in the right hand side of itO) . 

Lemma 5.1. Suppose P is a lattice-face d-simplex. Vcr S &d,'^k : 1 < fc < d, and 
VjN 0 < j < — 1, we have that 

m{a,k-,j) 

det{Y{a,k)) 

Proof. By the definition of lattice-face polytope and Lemma rOV (i), one can see that 
7r‘^-'=(conv(u<^(i),... , v^(^k),Vd+i)) = conv(7r'^-'=(u<^(i)),..., 7r‘^-'=(z;^(fe)), 7r‘^-'^(ud-Hi)) 
is a lattice-face fc-polytope. Choose U = ..., 7r'^“^(i;o.(fe))}, then 

7t{L{Hu)) = where Hu is the affine space spanned by U. However, 

id (7 = {x = (xi,..., Xk) G I det(X(cr, fc; x)) = 0}. 

Therefore, we must have that 

det(X((T, fc; x)) =0, xi,..., Xk-i G Z ^ Xk & Z. 

Let xi = • • • = Xk-i = 0, then det{X{a, fc;x)) = 0 implies that 




= (-l)'=+'xfc G Z. 


det(F(cr, fc)) det(y(cr, fc)) 

For any j : 1 < j < fc — 1, let Xi = + Sij for 1 < z < fc — 1, where 5ij is 

the Kronecker delta function. Then, det(N(cr, k;x)) = 0 implies that 

^ fc Tn(a,fc;0) m(a,fc;z) m{a,k;j) 

^ det(r(cr. A;)) ^ ^ HptWlrr tli ’ dptWlrr 




det(F(cr, A))' 


det(F(CT, A)) 


Xk MT.fe + l det(r(c 7 ,A))^ 


where the second equality follows from the fact that (xcr(j),i,. ■ ■ ,Xcr{j),k) is in Hu. 
Thus, 

m(iT,A;j) 


det(F(cr, A)) 


□ 


Given this lemma, we have the following proposition. 

Proposition 5.2. There exist a lattice-preserving affine transformation which 
maps X = (xi, X2,..., Xd) G to 

det(X(cr, 1; x)) det(N(cr, 2; x)) det(X(cr, d; x)) 


(- 


det(F(CT, 1)) ’ det(F(cr, 2)) 


det(F(cr, d)) 
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Proof. Let 
where 


/ m(o-,l;0) 

^ det{y (cr,l)) 


m((7,2;0) 

■ det{V(cT,2)) ’ 


> (-l) LeT(yff)) ) and = {m^,j,k)dxd, 


(1, ifj = k 

= L, ifj>k. 

We define : K'^ —*■ by mapping x to ao- + xM^. By (15.211 . 

^ , det(X(g, l;x)) det(X(g, 2; x)) det(X(g, d; x)) 

^ <T det(y(tT, 1)) ’ det(y(tT, 2)) det(y(tT, d)) 

Also, because all of the entries in Ma- and Ofo- are integers and the determinant of 
Ma is 1, Ta is lattice preserving. □ 

Corollary 5.3. Give P a lattice-face polytope with vertex set V = {vi,V 2 , ■ ■ ■, Vd+i\, 
we have that 

(i) Vi : 1 < f < d, the last d + 1 — f coordinates of T^(vcr(i)) are all zero. 

(ii) 

T„{vd+i) = {z{(j, 1), 2 :(cr, 2), . .. , z{a, d)). 

(hi) Recall that for k:0<k<d—l, is the unique point with first k coordi¬ 
nates the same as Vd+i and affinely dependent with Uc,(i), W( 2 ) i • j W(fc) i '<^cr(fe+i) • 
Then the first k coordinates of T^(va-,k) ths same as T„{vd+i) and the 
rest of the coordinates are zero. In other words, 

T^{va,k) = {z{a,l),..., z{a,k),{),... ,t)). 

Proof, (i) This follows from that fact that det(A((T, k; Xo.(p)) = 0ifl<i<fc<d. 

(ii) This follows from the fact that X{a,k;xd+i) = X{a,k) and z{(j,k) = 
det(A(cr, fc))/ det(F(o-, k)). 

(hi) Because for any x G the fcth coordinate of Tj(x) only depends on the 
first k coordinates of x, Ta{va,k) has the same first k coordinates as Trj{vd+i). 

Tct is an affine transformation. So Ta-(va-,k) is affinely dependent with Ta-{va{i)), 
Ta(Ta{ 2 ))i ■•■I T^[vrj(k)), T„(Tai^k+i)), the last d — k coordinates of which are all 
zero. Therefore the last d — k coordinates of Ta{va,k) are all zero as well. □ 

Recalling that Va-,d = Vd+i, we are able to describe Tcr{Sa) now. 

Proposition 5.4. Let So- = Ta-{Sa-). Then 

(5.3) s = (si, S 2 ,...,Sd) € <k < d,Sk € f2(conv(0, 

where by convention we let z(cr, 0) = 1 and sq = 1- 

Proof. Tct is an affine transformation whose corresponding matrix M^j is upper 
triangular. So T^ commutes with 17, tt and conv. Therefore, 

= {s G I 7r''“''(s) G 17(7r‘'“'"'(conv({i;o.,o, ■ •.,flo-,fe})))Vl < fc < d}, 

where = Trj{vrjd) = {z{a, 1),..., z{a,i), 0,..., 0), for 0 < * < d. 

US.311 follows. □ 
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Because is a lattice preserving map, |L(S'cr)| = |L(S'cr)|. Hence, our problem 
becomes to find the number of lattice points in Sa- However, Sa is much nicer than 
So-- Actually, we can give a formula to calculate all of the sets having the same 
shape as S^- 


Lemma 5.5. Given real nonzero numbers bo = 1, 6 i, 62 , ■ • ■, lei = bk/bk-i 
and Ofc = bk/\bk+i\,yk : 1 < k < d. Let S be the set defined by the following: 

s = (si, S 2 , ■. ■ ,Sd) & S < k < d,Sk e H(conv( 0 , a^Sfe-i)), 
where so is set to 1. Then 

(5.4) |£(S)|= E ■■■ E 1- 

Si eij(O(conv( 0 ,a^))) S2eL(O(conv(0,a2Si))) s,icL(n(conv( 0 ,o^Sd_i))) 

In particular, if bd > 0, then 


[aij [a2SiJ [adSd_iJ 

(5.5) ii(^)i = E E ••• E 


Sl = l S2 = l Sd = l 

where for any real number x, [xj is the largest integer no greater than x and x is 
defined as 


X, if X >0 

—X — 1, if X < 0 


Note that [_xj £ ^> 0 , and if any of the sums in (15.511 have upper bound equal to 
0 , we consider the sum to be 0 . 


Proof. (15.411 is straightforward. (15.511 follows from the facts that for any real num¬ 
bers X, 


L(H(conv(0, x))) 


{z € Z \ 1 < z < [xj] if X > 0 

{z G Z \ — [xj < z < 0} if X < 0 ’ 


the sign of st is the same as the sign of bi, and, because bd > 0, all the s^’s are 
non-zero. □ 


We want to give a formula for the number of lattice points in So- in the form of 
(15.51) . We first need the condition ''bd > 0”, which in our case is that "z{a,d) > 0”. 
However, for any d-simplex P in general position, we can always find a way to order 
its vertices into V = {vi,V 2 , ■ ■ ■, iid-ii}, so that the corresponding det(A(l, d)) and 
det(F(l,d)) are positive, where 1 stands for the identity permutation in &d. Note 
z{a-, d) is independent of a. So it is positive. 

Moreover, for lattice-polytopes, we have another good property of the z{(T,k)’s 
which allows us to remove the [ J operation in 115.511 . 

Lemma 5.6. If P is a lattice-polytope d-simplex, then 

z(a, k')!z(a, k — 1) G Z, 
where by convention z(cr, 0) is set to 1. 

Proof. Let P' = T^iP) with vertex set V = {v'l,... where v[ = Trj{vi) 

with coordinates x' = (x'..., x'^). Because is a upper triangular lattice 
preserving map, P' is a lattice-face d-simplex as well. Similar to the proof of Lemma 
15.11 conv( 7 r'^“*^(?;^^^p,..., is a lattice-face fe-polytope. We 
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choose U = {tt‘^ '"K+i)}, then 7r(L(iJ,7)) = ^■ 

Note that by Corollary 15.HI / fthfilb we have that 

a) the last 2 coordinates of are both zero, for any j : 1 < j < fc —1. 

b) = {z{a, 1),..., z{a, k - 1), z(cr, k)). 

Hence, (xi,..., Xk) G Hu if and only if det ( ( ^ ] ] = 0, where 

\ \ ^fc —1 J J 

we set xo = 1. 

We have that for any (xi, ..., Xk) S Hu, if ii,..., Xk-i S Z, then Xk S Z. Thus, 
by setting Xk-i = 1, we get z(cr, k)/z{a, fc — 1) = Xfc G Z. 

□ 

Therefore, by Lemma 15.51 and Lemma l5.til we have the following result. 

Proposition 5.7. Let P be a lattice-face d-simplex with vertex set V, where the 
order of vertices makes both det(X(l,d)) and det(y(l,d)) positive. Define 

afcr, k) = I M iVfc : 1 < fc < d. 

\z{a,k- 1)1 

Then 

a(cr,l) a(cr,2)si a(cr,d)sd-i 

(5.6) \HS,)\= E E E 1- 

si = l S 2 = l Sd = l 

Because of (15.611 . it’s natural for us to define 

ai a2Si O'd.Sd-i 

(5.7) /d(ai, 02,..., ttd) = EE- E 

Sl = lS2 = l Sd = l 

for any positive integers ai, 02 , ■.., Od- 
Also, fixing 60 = 1, we define 

(5.8) gd{bi,b2, ■■■,bd) = fd{bi/bo, 62 / 51 , ■ ■ •, bd/bd-i), 

for any ( 61 , 62 , ■ ■ ■ ,bd) £ (Z>o)‘’* such that bi is a multiple of 6 i_i(Vl < i < d). 

fd and gd are closely related to formula 115.611 . In next subsection, we will discuss 
Bernoulli polynomials and power sums, which are connected to fd and gd, and then 
rewrite ( 1 ^ in terms of gd- 

5.2. Power sums and Bernoulli polynomials. The kth Bernoulli polynomial, 
Bk{x), is defined as P p. 804] 

dptx fk 

TVT'SS'WtT. 

The Bernoulli polynomials satisfy 

(5.9) Bkil-x) = {-l)^Bkix),kk>0, 
as well as the relation P p. 127] 

(5.10) Bk{x + 1) — Bk{x) = kx^~^,'ik > 1. 

We call Bk = Bk{Q) a Bernoulli number. It satisfies |S] that 

(5.11) Bk{Q) = Ojfor any odd number k >3. 
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For fc > 0, let 


Pk{x) = 


Bk+i{x + 1 ) — Bk+i 

k 


Given any n a positive integer, by we have that 

n 

P,{n) = Y,i'^ = 


i^O 


Er=i*'= if^>i 

n + 1 if /c = 0 


Therefore, we call Pk{x) the kth power sum polynomial. It’s well known that for 
k>l, 

(5.12) Pk{x) is a polynomial in x of degree k+ 1, 

(5.13) the constant term of Pk{x) is 0, i.e., a: is a factor of Pk{x), 

(5.14) the leading coefficient of Pk{x) is 

Lemma 5.8. For any A: > 1, 

(5.15) Pu{x) = {-lf+^Pk{-x - 1). 

Proof. It follows from 15.911 and (15.1111 . □ 


Extension of the sum operation. Given h = h{s) = J2k>o ^kS^ a polynomial 
in s, the upper bound m of a sum X]r=i ^ should be a positive integer in the usual 
definition. We extend this definition to allow u (as well as the life’s) to be in any 
polynomial ring over R using the formula 

U 

(5.16) h = hpu + E hkPk{u). 

s=l fe>l 

One can check that this extension agrees with the case when u is a positive integer. 

Since fd is defined by 113, which recursively uses the sum operation, we can use 
(15.1611 to extend the domain of fd from Z^q to Z'^ or even Hence, the domain 
of gd can be extended to (M \ {O})'^. 

Lemma 5.9. fd{ai, ..., ad) is a polynomial in ai of degree d. And ai is a 
factor of it. In particular, fd can be written as 

d 

(5.17) fd{ai, ...,ad) = Yl , ad)ai, 

k^l 

where fd,k{a 2 ,. ■., ad) is a polynomial in 02 ,... ,ad with a factor Y['i =2 hi¬ 
proof. This can be proved by induction on d, using (15.1211 and 115.1311 . □ 

Lemma 5.10. Given (oi, 02 , ..., ad) & 

— ai —1 —a2Si a^S2 o^d^d-i 

fd{ai,a2,...,ad) = - E E ''' E 

Sl = l S2 — I S3 — I Sd — 1 


— ai — l—a 2 Si 03^2 o,dSd-i —ai —1 

“E EE'"E^ = “E fd-i{-a2Si,a3,...,ad). 

Sl=l S2 = l S3 = l = l S1=1 


Proof. 
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By (inzi) and lEISIi, we have 


d-l 

/rf-i(-a25i, as,..., a^) ^ ^ ■ ■ ■ ^ ad){-a2Si)^, 

k^l 


and 


— ai —1 


^ 4' = P,{-a, - 1) = (-l)fc+ip,(ai) = (-1)'=+! ^ 


Si —1 


Si — 1 


Therefore, 


—ai — l —a2Si 0352 o,dSd-i ai d—1 

- E E E-- E i = EE fd-i,k{a3^ ■ ■ ■, ad)(a 2 Si)^ 

Sl — 1 S 2 — I S 3 = l = l Si k — 1 

ai 

= ^ fd-i{a2Si,a3, ...,ad) = fd{ai,a2, ■ ■ .,ad). 

Si 

□ 

Proposition 5.11. Given bo = 1, bi, 62 , ■ • •, S (R \ {0}) with bd > 0, let Ofc = 
6 fe/| 6 fc_i|, then 


(5.18) _ 

, , / d \ ai a2Si Q-dSd-i 

gd{bub 2 ,...,bd) = fd{buY^,...,j^) = sign iY[bi\'^j2 ■■■ ^ 1 , 

“ \i=l / Si=lS2 = l Sd = l 

where we always treat Si as positive when determining the meaning of Oi+iSi. That 
is, for Oi+i > 0 , we set oi+TsI = Ui+iSi, and for a^+i < 0 , we set oi+isl = 
—Ci+iSi — 1. Note that this agrees with the original definition when the Oi’s are all 
positive integers. 


Proof. We prove the proposition by induction on d. When d = 1, it’s trivial. 

Assume (15.1811 holds for d = do > 1. Si is positive. Thus, by the induction 
hypothesis, 


/ ^2 bo bd . j. , bo bo bd . 

gd{T^^Sl, TT-Sl, ..., TT-lSl) = fd[T7^Sl, T-,..., T - = Sign 

Pi 61 61 61 62 bd-1 



It’s clear that (15.1811 holds when bi > 0. In the case that bi < 0, (15.1811 follows from 
the above equation and Lemma 0711 □ 


Proposition 5.12. Let P be a lattice-face d-simplex with vertex set V, where the 
order of vertices makes both det(Jf(l,d)) and det(y(l,d)) positive. Then 

(5.19) |i(S'a)i = sign z{a, i)^ gd(.z{a, 1), z(cr, 2),..., ^(cr, d)). 

Therefore, 

(5.20) |L(fl(P))| = sign{a)gdizia,l),zia,2),...,z{a,d)). 

creed 

Proof. We can get (15.1911 by comparing (15.61) and (15.181) . And (15.201) follows from 
(Ol) . US, (O^ and the fact that det(X(CT, d)) = sign(CT) det(X(l, d)). □ 









EHRHART POLYNOMIALS OF LATTICE-FACE POLYTOPES 


17 


6. Proof of the Main Theorems 

We now have all the ingredients but one to prove our main theorems: Theorem 
13.51 and Theorem ESI The missing one is stated as the following proposition and 
will be proved in the next section. 

Proposition 6.1. Let V = {vi,V 2 , ■ ■ ■ ,Vd+i} be the vertex set of a d-simplex in 
general position, where the coordinates of Vi are Xi = (xip, Xi^ 2 , ■ ■ ■, Xi^d)- Recall 
that X{a,k), Y(u,k) and z{a,k) are defined in ^4-^ o-nd gd is defined in L5.d\) . 
Then 

(6.1) sign{a)gdiz{a,l),z{a,2),...,z{a,d)) = ^det{X{l,d)), 

<y&&d 

where 1 is the identity in &d- 

Given this proposition, we can prove the theorems. 

Proof of Theorem m and Theorem El As we mentioned in Remark 14.31 to prove 
Theorem ESI it is sufficient to prove the case when P is a lattice-face simplex. 

When P is a lattice-face d-simplex, we still assume that the order of the vertices 
of P makes both det(A'(l,d)) and det(F(l,d)) positive. Thus, 15.2011 . (16.111 and 
the fact that the volume of P is det(A(l, d))\ imply Theorem l3.6l and Theorem 
El follows. □ 

Recall that we use /(P) to denote the interior of a d-polytope P. We denote by 
i{P, m) = |/(mP) (H the number of lattice points in the interior of mP. 

Corollary 6.2. For any lattice-face d-polytope P, we have that 

d 

(6.2) ?(P,m) = Vol(mP) -?(7r(P),TO) = ^(-l)‘^-'^'Volfc(7r(‘^-'^')(P))m'=. 

k=0 

Thus, 

(6.3) i{P,—m) = {—l)‘^{P,m). 

Proof. Since P satisfies EU, by Lemma vi) and Lemma roi /f vi), TT induces 
a bijection between L(PP(P) (~l NB{P)) and L(97r(P)). Together with Lemma 
roi /(' ii), (hi), this implies 

i{P, m) = i{P, m) — i(7r(P), m) — i(7r(P), to). 

Therefore, 116.211 and 16.311 follow from Theorem 13.51 □ 

Note that 16.311 recovers the Ehrhart-Macdonald reciprocity law , which states 
that for any integral d-polytope, llOl holds. 

The proof of Proposition 16. 1 1 is self-contained and different from the rest of this 
paper. We put it separately in the next section. 

7. Proof of Proposition 16.II 

The purpose of this section is to prove ProDOsition Ih.ll bv showing both sides of 
16.11) are equal to 

^ Y sign(f^) 

’ o-eSd 
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We always assume that V = {ui, V 2 , ■ ■ ■, iid+i} is the vertex set of a d-simplex in 
general position, where the coordinates of Vi are Xi = ■ ■ ■ ,Xi^d)- We first 

give some new notation and dehnitions. 

For all /c : 1 < /c < d, let = (xk,i, ■ ■ ■,Xk,d) = (xk,i - Xd+i,i, ■ ■ ■,Xk,d - 
Xd+i,d) = Xfc - Xd+i. Define 


Xv{(T,k) 


^a-(2),l ^cr(2),2 


^a-(2),k 


\ ^cr(fc),l ^a-(k),2 


^(T(k),k / 


and 

Then 


Yv{cr,k) = 


( 1 

1 ^cr{2),l 


^a{l),k—l 
^ct( 2 ) ,k—l 


\ 1 ^cr(fc),l * ' * ^(T(/c),fc —1 / 


zv{(7^ k) = det(Xv(fj, k))/ det(lV(fj, k)). 


(7.1) zv{(T, k) = {-l)'^zv{(T, k). 

Again, when there is no confusion, we omit the subscript V from Xv{cr,k), 
IV (cr, k) and ^y(cr, k). 

We define certain subsets of the symmetric group &d, which we will use in our 
later proofs. We denote by &t the set of permutations on some set T and use 
one-line notation for all permutations. 


Definition 7.1. a) Let (A, F, A) be a partition of [d] with the sizes of A and F 
to be (. and i, respectively. For any A € 6 a, 7 £ Sr and 5 € 6 a, we denote 
by {6, 7 , A) the permutation (A(l),..., A(£), 7 ( 1 ),..., 7 (i), <5(1),..., S{d—i — 
i)). For hxed A and S, we denote by &x^d,s the set of all of the permutations 
in the form of (A, 7 , S). 

b) In particular, when A is the empty set, i.e., (A,F) is a partition of [d], we 
simply write &\.d,s as 6 a, d which is the set of all of permutations in the 
form of (A, 7 ), for some fixed A G Sa- 

c) We analogously define &d,s in the case that A is the empty set, i.e., (F, A) 
is a partition of [d]. 

7.1. Right side of (Q. Because z{a,j) = {—iyz{a,j) and det(A(l,d)) = 

(—l)'^ det(A(l, d)) to prove that the right side of (lb.Ill is equal to ^ sign(cr) 11^=1 j) 

is equivalent to showing that 


(7.2) sign(cr) ]^z(CT,j) = (-1) ’ det(A(l, d)). 

o-£6d i=l 

The following lemma gives a stronger statement. It involves 6d,s- For any tr = 
(7,(5) G 6d,s, and VI < j < i, det(A((T, j)) and det(y((T, j)) do not depend on (5. So 
we simply write them as det(A( 7 ,j)) and det(y( 7 ,j)). 
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Lemma 7.2. For any 1 < i < d, let (F, A) be a partition of [d] with the size ofT 
equal to i. For any 5 € 6a and 7 G 6r, we have that 

i 

(7.3) ^ Sign(cr) ]^z(cr, j) = (-1)^^ sign((7,(5))det(A(7,i)). 

In particular, holds. 

Proof. We prove by induction on i. 

When 1 = 1 , there is only one a in 6^,5 and sign((T) = sign((7, ( 5 )). Together 
with the fact that det(F(7, 1 )) = 1 , 117.311 holds. 

Assuming that holds when i = io > 1, consider i = i^ + l. 

For any m : 1 < m < i, let = F \ {7(171)} and = A U {7(7)7)}. 

Then (r*^™\ A^™)) is a partition of [d], where the size of F*^™) is * — 1 = to. Let 
7M = (7(l),...,7(m-l),7(m+l),...,7(t)) and = (7(777), ( 5 ( 1 ),..., d(d-t)). 
We know that sign((7*^™\ ( 5 ^™^)) = (— 1 )®+™ sign((7, ( 5 )). Then by the induction 
hypothesis, 

2—1 

sign((7)nz((7,j) = (-l)^'"^sign((7(™),dW))det(A(7W,t-l)) 

= sign((^, d)) det(X(7W, 7 - 1)) 

However, (6^; 5(m))i<m<z gives a partition for &d,s-: and for any cr € 6^,5, z{cr,i) 
is an invariant. In particular, z{a,i) = z((j,S),i) = det(X(j, i))/det(V('y,i)). 
Therefore, 


sign((7)]^z(CT,j) = sign(a) 

creed,s 1=1 ™=i 

2 

= (-l)^'-^+-isign((7,(5))z((7,(5),7) ^(-l)™+Met(X(7(™),7-l)) 

m—1 

= (-1)^^ sign(( 7 ,( 5 ))z(( 7 ,( 5 ),t)det(y( 7 , 7 )) 

= (- 1 )“^ sign(( 7 ,d))det(A( 7 ,t)). 

Therefore, ESJ holds. If we set i = d, then A = 0, and F = [d]. Letting 7 = 1 
be the identity in &d, we obtain iTT^ . □ 

7.2. Left side of (16.111 . The proof that 

1 

(7.4) sigB.{a)gdiz{a, 1),... , z{a, rf)) = ^ Y H 

o-eSd creed i=i 


is relatively harder than what we did in the previous section. We need use the 
following lemma. 
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Lemma 7.3. For any 0 < i-\-k < d—2, given p{yi ^..., yi) a function on I variables, 
let q{a) = p{z{a, 1),..., z{a, £)), Vcr G Then 


(7.5) 


E 

<7&6d 


sign{a)q{a) 


(z(tT, £ + 1))'=+! 


= 0 . 


Given this lemma, we are able to prove the following proposition which implies 
(TTl) when we set £ = 0. 

Proposition 7.4. Define Sq = 1, z{<t, 0) = 1. For any £ : 0 < £ < d, we have that 


(7.6) 


Fj sign(cr) 5 d( 2 :(CT, 1),..., z(CT,d)) 

ae&d 


1 

JdZfy. 


E sign(cr) 

o-eGd 



Si—l 


z(cT,i) 


E 


d-i 

{z{a,£)Y~^ ^ 


Proof. We proceed by descending induction on £. 

When £ = d, 17.611 holds by the dehnition of gd- 
When £ = d — 1, it’s easy to check that (ESI) holds. 

Assuming ESJ holds for £ = £o + 1 < d — 1, we consider £ = £o < d — 2. By the 
induction hypothesis, 


F, sign((T) 5 d( 2 :(o-, 1),..., z{(T, d)) 

o-eSd 


1 

(d-£ - 1)! 


E E 

IT6©d Si = l 


1 

(d-£ - 1)! 


E sign(cr) Yi 

cre&d Si = l 




E 


s^4-l = l 


nE+2^(^>j) d-i-i 

(z(a,£+l))<^-^-i''^+i 


Tys^-i 




Z{(7,i+ 1) 


Recall that Pd-e-i{x) is the power sum polynomial. Note that d — £ — 1 > 1. By 
(15.121) . (15.151) and (Ol) , we can assume 


d-£-l 

P^_,_dx) = + Y 

m—1 

where G R. 

For Vm :l<m<d — £—1, defining a:o = 1, let 


Pm{xi,...,xe) = E ■■■ E 


Sl = l 





Then pm is a function on £ variables. Let 


dm(cr) =p„(2;(cr, l),...,2;(cr,£)). 
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Then 


z(cr,l) 3(<T,^) 

V- . nt^+2^(^>j) (z{cr^^ + l) 

^ sign((T) ^ ^ [z{a,l+l)Y-^-^\ z[a,Y 

YYj=t+2Y^Y) 


creed 


= X! sign{<7)qm{(j) 


Si = l S£ = l 

d 
3 


Si 


creed 


(z{a, £ + 1)Y ^ 


—i—l — m 


= 2^ sign(o-)g^(a) = 0. 


creed 


(z{a, £ + 1 ))'^ ^ 
The last equality is by E3- Therefore, 

^ sign{<7)gdiz{a, 1),..., z{(t, d)) 


creed 


1 


{d-£-iy. 


z((T,l) z{(T ,£.) 

z{(T, e-i) -r-rd / -x , , /? i i \ 

E / X llj=^+ 2 1 / z{a,i-\-l) 

sign(a) 2^ ••• 2^ 


o-eSd 


Si = l Sg—1 


( 2 ;(cr, £ + 1))^ ^ — z{a,£) 


Z(cr,l) 

2^ sign(CT) 2^ ■ • • 2^ 


(d-£)! 


cT€6d 


Sl = l = l 


(z{a,£)) 


d-l 


□ 


Now we have everything we need to prove ProDOsition l6.ll 

Proof of Proposition IB. Jl The proposition follows from 17.411 . 17.211 and the facts 
that z{a,j) = (—l)^z(tT, j) and det(X(l,d)) = (—1)'^ det(N(l, d)). 


7.3. Proof of Lemma OJ It remains to prove Lemma o which is most com¬ 
plicated part of this section. We will break the proof into several steps. The first 
lemma we need involves symmetric polynomials. 

A symmetric polynomial on d variables yi,..., ?/d is a polynomial that is unchanged 
by any permutation of its variables. 


Lemma 7.5. For any k > 0, there exist symmetric polynomials 0^(yi,y2, ■ ■ ■ iVi) 
on variables i/i, y 2 > • • ■, ?/i for any i: \ <i<kF2 and symmetric polynomials 
Fjiyi,y 2 , ■ • ■, yj) on variables yi, y 2 , ■ ■ •, yj for any j ■■ 2 < j < k + 2, so that 


(7.7) 

(7.8) 

(7.9) Vl<f<fc-bl, 


= = <^^2=0, 
k 

‘^2^yl,d2) = Eyiy2"-^ 7^t2 = i, 

> yi)y^+i~'' - Fi+iiyi, ■■■, yi+i)yi+i 

-f^z+iiyi.■ ■ ■ ,yi+i)yi ■ ■ - y^+i- 


Proof. Proof by induction on k. 

When k = 0, (j}^ = l,(j)^ = 0,ip^ = l^ (j)^y 2 - Y 2 y 2 = -4>lyiy2- 
Assume that (TTTIi.frHll and imui hold for fc = fco > 0. We check the case 
k = k^ F 1. 


St 
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We set 




r 1 , if i = 1 , 

\^’l~^{yi:---,yi), if 2 <i</c + i, 
[o, if i = /c + 2 . 


Note that (/)Li = V’fc+i = 1 by the induction hypothesis. Thus, 17.711 holds. 

Now all of the are given. In order to satisfy for VI < i < fc + 1, we 

set 


(7.10) ¥^*+1(2/1,...,?/i+i) = ..., yi)yitl * + (2/1, ■ • ■, yi+i)yi ■■■yi- 

Hence, it is left to show that are symmetric polynomials and satisfy 17.811 . 

When i = 1, ‘f^{yi,y2) = (I>i{yi)y2 + </'2(2/i>2/2)2/! = 2/2 + ‘P2~^iyi,y2)yi = 

k I / i k—l — i\ \-^/c 7 k—i 

y 2 + 2/1^2 j yi — X/2^0 ^1^2 

When 2 < i < k, because the right hand side of mnii is symmetric on 2/1,2/2, ■ ■ •, 2/i i 
it’s enough to show that it is symmetric on 2/1 and 2/i+i- However, 

= (li'ili (2/1, ■ ■ •, yi-i)yi^^~'' + ■■■,yi)yi ■ ■ ■ 2/*-i- 

Because ipi is symmetric, we can switch 2/1 and yi. So 

(l}i{yi,---,yi) = {y2, ■ ■ ■ ,yi)yi^^~'‘ + {yi, ■ ■ ■ ,yi)y2 ■ ■ ■ y^■ 

Similarly, 

(J^i+iivi, ...,yi+i)=(l)i~'^{y 2 ,--. ,2/i+i)2/^"* + <('J+i^(2/i, • ■ ■ ,2/*+i)2/2 • ■■y^+l■ 
Therefore, 

>fi+i{yi,... ,yi+i) 

= (y2,..., 2 /*) 2 /U'-V-^i'-* + ^t\yi, ■ ■ •, 2/O2/2 • • ■ 2 /. 2 /f++i'-* + 

(/>U^(2/2, ■ ■.,2/z+i) 2/U^“'2/2 • • - Vi + (jj’l+liyi,. ■ .,y^+l)ylyl ■ ■■yfyz+i 
is symmetric on 2/1 and 2/i+i- 

When 2 = fc + 1, (Pfc+2(yi. ■ ■ • > 2/*+i) = '(’fc+i + <(>^+22/1'' ’ Vfe+i = 1- 


Lemma 7.6. Nor any 0 < k < d — 2, 1 < i < k + 2, let (T, A) be a partition of [d] 

with the size ofT equal to i. For any S £ ©a cmd 7 £ ©r, we have that 

(7.11) 


E 

<y&&d,s 


sign(CT) 


(z{a, !))'=+! 


(- 1 ) 


i(«+i) 


sign(( 7 , d)) 


'/’z (^7(1),1 j • ■ ■ ) ^7(i),l) 


det(y( 7 ,i)). 


Proof. We prove iTTmi by induction on i. 

When i = I, there is only one a in ©^,5 and sign(cr) = sign(( 7 , d)). Together with 
the facts that (pi = 1 , z{a, 1) = Xa{i) 1 = ^ 7 ( 1 ) 1 and det(y( 7 ,1)) = 1 , we conclude 

unj. 

Assuming that mrii holds when i = i^ >1, consider i = io + 1. 

For any m : 1 < m < i, let = T \ { 7 (to)} and = A U { 7 ( 771 )}. 

Then (r(™i, A(™)) is a partition of [d], where the size of is i - 1 = io- Let 
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7M = (7(l),...,7(m-l),7(m+l),...,7(i)) and ... ,S{d-i)). 

Then by the induction hypothesis, we have that 

Ti -2 . 


ere© 


L “e"<‘’>-(£77))ra- 




= (-1)^-1 sign((7(-\ detiYij^^\i- 1)). 

However, {&d,5(rr<.))i<m<i gives a partition for 6 d,s- Therefore, 


X] sign(c 
cr&&d,5 


(z(cr, 1))'=+! 


= J 2 J 2 sign{a) 




m—1 


ere© 


d,s(3) 


(z(cr, !))'=+! 


q-j- 2 '(tT, i — 1 ). 


But for any a £ 2'(cr, z — 1 ) is an invariant. In particular, 'z{a,i — 1 ) = 

j((7(™),^W),i - 1) = det(X(7M,i- l))/det(y(7(™),i- 1)). 

Hence, 

y-fi-i 

sign(cr) 

rr&Gd.s 


(z(a,l))'=+i 


= 5^(-l)'^-'sign((7('"\5('")))- 


m—1 

(_l)z+msign((7,^)). Therefore 

T2-1 


— l (1) ,1 ’ ' ■ ■ ’ ^7(^) (z—1), 1) 


det(X(7(™),i-l)). 


Note that (xt,(„) 7)'=+3 * * = n}=i(^7(t).i)^^^ *, and sign((7M, = 


Y sign(cr) 

cre©d,5 


n}=YYA_r 


(z(a,l))'=+i 


= (-!)■ 


sign((7, ( 5 )) 


n:=i(^70).i)'=+^-* 


where 


^ = E (-l)”^^ti(SW(i),i- •. det(X(7('"\* - 1)) 


m—1 


= — det 


^ ^ —1 (^7(1) (1),1 ’ ■ ■ ' ’ ^7(1)1! ^7(1))* — ! \\ 

4 ^i—l (^7(2) (1),1 ’ ■ ■ ' ’ ^7^^) (z—l),l) (^ 7 ( 2 ),i) ^7(2),! ' ‘ ' ^7(2)7 —1 


fe+ 3 —z 

VV ^i — li.^'^^^'^{l),l^-'-i^'^^^'>{i — l),l)i.^^{i),l)^ ^7(z),l 


^7(z),z-l / / 


By ( 17 . 9 ( 1 . if we subtract the second column times 1) from the 

first column, then 



/ 

/ -</>f(^7(l).l’" 

■ 5 ^7 (z),i)^ 7(1),1 

• ^'y(z) A 

•^7(1),1 • 

^7(1),z—1 

\\ 




• 5 ^7(z),l )^7(1) 5I 

■ X^^ 2 ),l 

^7(2),! 

^7(2),z—1 


A = — det 









1 


• 5 ^7(z),l)^7{l),l 


^7(2),1 

^y(i),i — l 

// 


= (^7(1).• ■ • > S7(i),i)^7(i).i • • • ^7W,i det(F(7, i)). 

Therefore, 
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E 

o’eSd.i 


sign(cr) 


{z{a, 1))'=+! 


(- 1 ) 


»(» + !) 

2 


-1 


sign((7,,5)) 


(^ 7 ( 1 ), 1 j • ■ ■ ) ^7(i),l) 


det(y( 7 ,i)). 


□ 


Corollary 7.7. For any 0<£ + k<d — 2, i = k + 2, let (A, F, A) be a partition 
of [d] with the sizes of X and T equal to £ and i, respectively. For any 5 € ©a o>nd 
any A S ©a, we have that 


(7.12) 


n .^+fc+1 -^/ .\ 

2 _^ Signi'Crj ^ ^ = 0, 


creS^ 


(z(a,£+l))'=+i 


and 


(7.13) 


E sign(cr) 


n e+fc+i / .\ 

j=e+i z{<7,3) 

(z(a, £+!))'=+! 


= 0 , 


Proof. Proof by induction on £. 

When £ = 0, (17.121) follows from Lemma EH and the fact that = 0- Thus, 
holds by EH- 

We assume for £ = £0 > 0, (TTia and llTTHl holds. We check the case £ = £o + l. 
Because (TTra and (TTia are equivalent by EH, it’s enough to show (TTia . 

Without loss of generality, we assume that d G A and A(l) = d. For 1 < q < d—1, 
define 


Vp.g — 


{^p,q+l ^d,q+l)/(WpA W^/a), 

Xp,q+1 tXpp, 


ill <p < d — 1 
lip = d. 


Let W be the vertex set {wi, u> 2 ,..., w^-i}, where the coordinates of Wp are 
{.yp,i,yp, 2 ,---,yp,d-i)- For any a G ©a, 5 , let = (cr(2), (t( 3), ..., cr(d)). Because 
A(l) = d,<; G &d-i- Clearly, (A\{d}, F, A) is a partition for [d—1] and G ©A',d-i, 7 , 
where A' = (A(2),..., A(£)). Therefore, for j > 2, 
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det{X{a,j)) 


= (—1)-^ ^ det 




d2).j \\ 


V V ^d,l Xd,2 ■ ■ ■ Xd,j j j 

( ^ ^(t(2),1 Xd^l ^cr{2),2 Xd^2 ‘ ‘ ‘ ^{7(2),j Xd^j ^ ^ 


= (—1)-^ ^ det 


^d.l ^ct(j), 2 ^d,2 * ‘ * ^dj 

\ ^d,l ^d.2 ' ‘ ' ^d,j 


/ 

/1 



\ 


1 

2/cr(j-i),i 



V 

^ 1 

yd- 1,2 

yd-i,j-i / 

/ 


= (-!)■’ ^Xd.i J^(^o-(p).i - ^d,i) det 

p=2 


= (-1)-^ ^Xd,i (^o-(p),i - Xd,i) det(Xiv(^, j - 1))- 

p=2 

Similarly, 

3 

det(y(cr, j)) = -Xd,i)det{Yw{‘.,j - 1)). 

p=2 

Hence, 

z(cr, j) = det(X(cr, j))/det(y(cr, j)) = i-iy~^Xd,izwi^,j - !)• 
Note that sign(cr) = (—1)"^“^ sign(<f). Hence, by the induction hypothesis. 




creS> 








□ 


Proof of Lemma [731 Consider any partition (A, F, A) of [d], where the size of A is 
i and the size of F is i = fc + 2. If we fix A G ©a and S G ©a, then Vcr G ©A,d, 5 , 
z(a,j) is an invariant when l<j<£ or £ + i<j<d. Therefore, by II7.13II . 


But all of the Qx.d^s give a partition for &d. Thus, (17.511 holds. □ 
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8. Examples and Further discussion 


8.1. Examples of lattice-face polytopes. In this subsection, we use a fixed fam¬ 
ily of lattice-face polytopes to illustrate our results. Let d = 3, and for any positive 
integer k, let Pk be the polytope with the vertex set V = {rii = (0, 0,0),i;2 = 
(4,0,0),t>3 = (3,6,0),U4 = (2,2,10fc)}. One can check that Pk is a lattice-face 
polytope. 


Example 8.1 (Example of Theorem 13.511 . The volume of Pk is 40fc, and 
i{Pk, m) = AQkm^ + \2m? + 4m -I- 1. 

7r(Pfc) = conv{(0, 0),(4, 0),(3,6)}, where 

i{Tr{Pk), m) = 12m^ -I- 4m -|- 1. 


So 


i{Pk, m) = AQkm^ + z(7r(Pfc), m), 
which agrees with Theorem 13.51 


Example 8.2 (Example of Formula (14.111 '). = conv(t;i,U2,U3) is a negative 

facet. The hyperplane determined by F4 is H = {(xi,X2,xs) | X3 = 0}. Thus, 
v'^ = DH = {2, 2,0). 

F3 = conv(i;i, U2, U4) is a positive facet. 71(^3) = conv((0, 0), (4, 0), (2, 2)). 
n(7r(F3)) = 71(^3) \ conv((0,0), (4,0)). = 7r“i(7r(F3)) nH = conv(ui, t>2, u^). 

So 

Q 3 = conv(F ’3 U Fg) = conv(i;i, U 2 , V 4 , u^), 
p+(0(7r(F3)),Q3) = Q3\F'. 

F2 = conv(7;i, 773, U4) is a positive facet. 71(^2) = conv((0, 0), (3, 6), (2, 2)). 
fl(^(F2)) =^(F2)\(conv((0,0),(2,2))Uconv((2,2),(3,6))).F^ =7r-i(7r(F2))niL = 
conv(7;i,773,u^). So 

<52 = conv(F2 U F2) = COnv(77i, 773, 774, 774), 
p+(11(71(^2)), Q2) = Q2 \ (F2 Uconv(77i, 774, 774) Uconv(773,7;4,774)). 

Fi = conv(772,773,774) is a positive facet. 7r(Fi) = conv((4, 0), (3, 6), (2, 2)). 
fl(7r(Fi)) = 7r(Fi) \ conv((4, 0), (2, 2)). F{ = tt-^{tt{Fi)) n H = conv(772,773,77^). 
So 

Qi = conv(Fi UF4') = COnv(772, 773, 774, 774), 

/9+(n(7r(Fi)), Qi) = Qi \ {F[ U conv(772,774,774)). 

Therefore, 

3 

n(Pfc) = Pk\F4 = -sign(F4)^sign(Fi)p+(0(7r(Fi)),Qi), 

i=l 

which agrees with Proposition ^31 


Example 8.3 (Example of decomposition). In this example, we decompose Pk 
into 3! sets, where 5 of them have positive signs and one has negative sign, which 
is different from the cases for cyclic polytopes, where half of the sets have positive 
signs and the other half have negative signs. 

Recall that 77^,3 = 774 = (2, 2, lOfc), for any tr S 63. 
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When a = 123 G 63, 71123,2 = v'^ = ( 2 , 2 , 0 ), 71123,1 = ( 2 , 0 , 0 ) and 71123,0 = tii = 

( 0 , 0 , 0 ). Then 

<5123 = COnv({7;i23,i}o<i<3) \ COnv({7;i23,i}o<i<2), 
with sign( 123 ,Pfc) = + 1 . 

When a = 213 G 63, 71213,2 = = ( 2 , 2 , 0 ), 71213,1 = ( 2 , 0 , 0 ) and 71213,0 = V2 = 

( 4 , 0 , 0 ). Then 

5213 = COnv({7;213,i}o<i<3) \ (C0nv({7;2l3,z}o<i<2) U COnv({7;213,i}l<I<3)), 

with sign( 213 ,Pfe) = + 1 . 

One can check that 

5i23 ® 5213 = ^'*'(^(’’■( 53 )), Qz)- 

When cr = 231 G 63, 71231.2 =714 = ( 2 , 2 , 0 ), 71231,1 = ( 2 , 12 , 0 ) and 71231.0 = V2 = 

( 4 , 0 , 0 ). Then 

5231 = COnv({7;231,i}o<i<3)\(cOnv({7;231.i}o<i<2)UCOnv({7;231,i}i=0,2,3UCOnv({7;231,i}l<i<3)) 

with sign( 231 ,Pfe) = + 1 . 

When cr = 321 G 63, 71321,2 = 714 = ( 2 , 2 , 0 ), 71321,1 = ( 2 , 12 , 0 ) and 71321,0 = 713 = 

( 3 , 6 , 0 ). Then 

5321 = COnv({ 7 l 32 l,i}o<i< 3 )\(cOnv({ 7 l 32 l,i}o<i< 2 )UCOnv({ 7 l 32 l,i}i=o, 2 , 3 UCOnv({ 7 l 32 l,i}l<l< 3 )) 

with sign( 321 ,Pfe) = — 1 . 

One can check that 

5231 © 5321 = p~'"(0(7r(Fi)), Qi). 

Similarly, we have that 

5 i 32 © 5312 = p"*"(11(77(^2)), Q 2 )- 

Therefore, O(Pfe) = 0 o.g ©3 sign((T, Pk)Sa, which coincides with Theorem 14.61 

8 . 2 . Further discussion. Recall that Remark liTTI gives an alternative definition 
for lattice-face polytopes. Note that in this definition, when A: = 0 , satisfying (lOl 
is equivalent to saying that P is an integral polytope, which implies that the last 
coefficient of the Ehrhart polynomial of P is 1 . Therefore, one may ask 

Question 8.4. If P is a polytope that satisfies for all k € K, where K is a fixed 
subset of { 0 , 1 ,. ..,d— 1 }, can we say something about the Ehrhart polynomials of 
P? 


A special set K can be chosen as the set of consecutive integers from 0 to d', 
where d' is an integer no greater than d — 1. Based on some examples in this case, 
the Ehrhart polynomials seems to follow a certain pattern, so we conjecture the 
following: 

Conjecture 8.5. Given d' < d — 1, if P is a d-polytope with vertex set V such 
that yk : 0 < k < d', id. ‘A) is satisfied, then for 0 < k < d', the coefficient of in 
i{P,m) is the same as in 7 ( 77 '^“'^ {P),m). In other words, 

d 

z(P, m) = (P), m) + ^ Cim^. 
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When d' = 0, the condition on P is simply that it is integral. And when d' = d—1, 
we are in the case that P is a lattice-face polytope. Therefore, for these two cases, 
this conjecture is true. 
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